In a nonlinear theory, such as General Relativity, linearized field equations around an exact solution are necessary but not sufficient conditions for linearized solutions. Therefore, the linearized field equations can have some solutions which do not come from the linearization of possible exact solutions. This fact can make the perturbation theory ill-defined, which would be a problem both at the classical and semiclassical quantization level. Here we study the first and second order perturbation theory in cosmological Einstein gravity and give the explicit form of the integral constraint, which is called the Taub charge, on the first order solutions for spacetimes with a Killing symmetry and a compact hypersurface without a boundary.
I. INTRODUCTION
Let us consider a generic gravity theory defined (in a vacuum) by the nonlinear field equations E µν (g) = 0,
in some local coordinates. We assume the usual "Bianchi Identity", ∇ µ E µν = 0 which plays a central role in the ensuing discussion. The physical situation (the spacetime) as an exact solution is often too difficult to construct. Hence one resorts to perturbation theory around a symmetric background solutionḡ, and expands (1) as
where λ is a dimensionless small parameter introduced to keep track of the formal perturbative expansion; and the h and k tensor fields are defined as
.
(3)
So as the notation suggests: E µν ) (1) (h) is the linearization of the E µν coming from the expansion of E µν [ḡ + λh + λ 2 k], while the second order terms come in two different form as shown in (2) . At the lowest order, one setsĒ µν (ḡ) = 0 and at the first order the linearized field equations read (E µν ) (1) (h) = 0.
It is clear that these equations are a necessary conditions on the first order perturbation h defined via (3) . But, the crucial point is the following: generically not all solutions of the linearized equations are viable solutions since from (2) , at the second order we have the equation: (E µν ) (2) (h, h) + (E µν ) (1) (k) = 0.
Upon a cursory look, this equation basically says that (E µν ) (2) (h, h) is a "source" for the second order perturbation k. Thus, in principle whenever the operator (E µν ) (1) (.) is invertible one has a solution. Typically, due to gauge invariance (E µν ) (1) (.) is not invertible but after gauge fixing, it can be made invertible. This is a well-known, but easily remediable problem either with some locally or globally valid gauges, such as the de Donder gauge. So this is not the issue that we are interested in here. Even if a proper gauge is found, there are still situations where (5) leads to constraints on the first order perturbation h for a non-trivial solution k. As the basic premise of perturbation theory is its improvability by adding more terms, generically k has to exist without a need to modify the first order perturbation h; stated in another way h must be an integrable deformation. To see the constraints, letξ µ be a Killing vector field of the background metricḡ µν . Then contracting equation (5) withξ µ and integrating over a hypersurface Σ of the spacetime manifold M , one has the constraint
where one uses the background metric and its inverse to lower and raise the indices.γ is the metric on the hypersurface. The left-hand side can be written as a boundary term as
where F µν (ξ, k) is an antisymmetric tensor field. For more details on this see [1, 2] . The left-hand side of (6), when h is used, is called the Abbott-Deser-Tekin (ADT) [3, 4] (an extension of the ADM [5] ) and the right-hand side of (6) is called the Taub charge [6] . So we have the equality of the ADT and Taub charges as a constraint at the second order in perturbation theory for the case when the background spacetime has at least one Killing vector field:
whereσ is the metric on ∂Σ andn ν is the outward unit normal vector on it. If Σ does not have a boundary, then the ADT charges vanish identically and so must the Taub charges. The vanishing of the Taub charges is not automatic, therefore, one has an apparent integral constraint on the linearized solution h as:
on a compact surface without a boundary. If this constraint were to be satisfied, then h would be a generic linearized solution which can be added toḡ to improve the exact solution. On the other hand, if (9) is not satisfied, then one speaks of a linearization instability. This issue was studied in various aspects in [7] [8] [9] [10] [11] [12] [13] for Einstein's theory and summarized in [14, 15] ; and extended to generic gravity theories more recently [1, 2] . From these works two main conclusions follow: first, in Einstein's theory, a solution set to the constrained initial data on a compact Cauchy surface without a boundary may not have nearby solutions, hence they can be isolated and perturbations are not allowed; second, for generic gravity theories in asymptotically (anti) de Sitter spacetimes, linearization instability arises for certain combinations of the parameters defining the theory. Regarding (9) , the obvious question is whether
is a boundary term for Einstein's gravity or not: if it were a boundary term, one would not have the linearization instability observed in the previous works, because it would also vanish identically on a manifold without a boundary. Here for cosmological Einstein's theory we show explicitly thatξ µ (E µν ) (2) (h, h) has a bulk and a boundary part, the later drops for the case of compact hypersurface without a boundary while the former is a constraint on the first order perturbation.
The lay out of the paper is as follows: in section II we give the details of the first order expression for the cosmological Einstein tensor in a generic Einstein spacetime in terms of the perturbation h and give a concise formula in terms of the linearized Riemann tensor for (anti) de Sitter backgrounds using our results [16, 17] . In section III we study the second order cosmological Einstein tensor in a generic Einstein background and specify to the case of (anti) de Sitter. In section IV we discuss the gauge invariance issue and relegate some of the computations to the Appendices.
II. FIRST ORDER PERTURBATION THEORY
Here to set the stage, we recapitulate what is already known in the first order perturbation theory in a generic Einstein background. Using the results of Appendix A, one can show that the linearized cosmological Einstein tensor about a generic Einstein space, defined as 1
can be written as a divergence plus a residual part [4, 18] 
where the K-tensor reads
and the residual tensor reads
1 We shall denote (G µν ) (1) (h) as (G µν ) (1) and (G µν ) (2) (h, h) as (G µν ) (2) and we use the some notation for other tensors.
The background conserved current can be obtained via contracting the linearized Einstein tensor with the background Killing vectorξ ν to get
The non-divergence terms cancel upon use of the field equations and therefore one has a pure boundary termξ
with
It is important to note that (G µν ) (1) is a background gauge invariant tensor, hence the above expression is gauge invariant; but F µν ξ , h itself is only gauge invariant up to a boundary term whose divergence vanishes. The above result is valid for generic Einstein backgrounds. For (anti) de Sitter spacetimes, one can do better and express F µν ξ , h in an exactly gauge invariant way [16, 17] . For this purpose, let us introduce a new tensor, which we called the P-tensor, as
which has the following nice properties:
• It has the symmetries of the Riemann tensor.
• It is divergence free, ∇ ν P νµ βσ = 0.
• Its trace is the cosmological Einstein tensor, P µ σ := P νµ νσ = (3 − n)G µ σ .
• When evaluated for a background Einstein space, it yields
and soP νµ βσ =C νµ βσ , where C νµ βσ is the Weyl tensor which vanishes for (anti) de Sitter spacetimes.
Using all these properties, one can show that at first order the covariantly conserved current is a total derivativeξ
where the first order linearization of the P-tensor in (anti) de Sitter spacetime reads
Making use of this construction one has the conserved charge in a compact form:
where we used the fact that (G µν ) (1) = 0 and (R) (1) = 0 on the boundary. Hereσ ν is the unit outward normal vector on ∂Σ. Gauge transformation properties are discussed below in Section IV in more detail. But here, let us note that under a variation generated by the vector field X, which we denote as δ X , one has δ X (R νµ βσ ) (1) = L XR νµ βσ which vanishes for (anti) de Sitter backgrounds (see section III of [17] for more details and for the gauge transformation properties of the expression 16). Let us now turn to our main goal of computing the analogous expression at second order.
III. SECOND ORDER PERTURBATION THEORY
For any antisymmetric two tensor F βσ , one has the exact identity
Soon we will choose F βσ to be the potential of the Killing vector field below. Expansion of this identity at second order yields
Making use of the first order linearization of the Bianchi-type identity ∇ ν P νµ βσ = 0, that is∇
and takingF ρσ =∇ ρξσ , (22) reduces tō
where for notational simplicity, we introduced
Rewriting the algebraic decomposition of the Riemann tensor, one finds final expression in terms of the background Weyl tensor as
This is still a rather complicated expression having a divergence part and non-divergent parts. What we know is that, one has∇ µ (ξ ν (G µ ν ) (2) ) = 0. The main question was to show thatξ ν (G µ ν ) (2) is not a pure divergence. One can try to simplify (26) further to recast it in a pure divergence form, but there always remain some terms outside the derivative. One can work out the details in the more manageable (anti) de Sitter case for which the Weyl tensor vanishes; and one ends up with
From this expression and from (9) one finds that on a manifold with a compact hypersurface Σ without a boundary, all the first order solutions h µν of (G µν ) (1) = 0, must also satisfy the second order integral constraint for n > 3
Any first order solution that does not satisfy this automatically cannot come from the linearization of an exact metric. Stated in a more geometric vantage point, such solutions do not lie in the tangent space of the "point"ḡ in the space of solutions, they are artifacts of linearization. On the other hand, for spacetimes with a hypersurface that has a boundary, the above construction shows that unlike the ADT charge, which is defined on the boundary, the Taub charge has a boundary and a bulk piece. Nevertheless the values of the charges must be equal to each other up to a sign, as in (8) .
In the next section, we provide an explicit form of the (G µν ) (2) and the currentξ ν (G µν ) (2) in terms of the perturbation h which is another way to understand our more compact formulation.
IV. TAUB CHARGES IN THE TRANSVERSE-TRACELESS GAUGE
Consider a generic Einstein spaceḡ as the background with
Assuming we have the first order field equations (G µν ) (1) = 0 which yields (R) (1) = 0 and
The second order cosmological Einstein tensor
upon use of the first order equations becomes
where the second order Ricci tensor reads
More explicitly, one has
From now on we will work in a specific gauge to simplify the computations. The transversetraceless (TT) gauge,∇ µ h µν = 0 and h = 0, is compatible with the field equations (G µν ) (1) = 0, which now read¯
In the TT gauge one has
Straightforward manipulations yield
The second order perturbation of the scalar curvature
reduces to (R) (2) 
Combining the above results we can express the second order cosmological Einstein tensor as a divergence and a residual part as
where F σλ µν and Y µν are both symmetric in µ and ν. Here the F -tensor reads
and the Y -tensor reads
So (G µν ) (2) has a divergence part and a part which is not of the divergence type. One can further try to manipulate the Y µν to obtain some divergence terms, but one always ends up with terms which cannot be written as a divergence of any tensor as expected. Letξ be a background Killing vector field. Contraction with the second order perturbation of the cosmological Einstein tensor yields
In background Einstein spaces, the last two terms can be written as
The important point is that unlike the case of the first order cosmological Einstein tensor as discussed after (14), at the second order the residual parts as given in the last expression do not vanish upon use of the background and first order field equations. To see this more explicitly, let us look at the (anti) de Sitter and flat backgrounds. In (anti)-de Sitter backgrounds one has
and the residual part is
One realizes that no amount of manipulations can turn these terms into a pure divergence. This is consistent with our compact expression of the previous section. For example for flat spaces, with∇ µ → ∂ µ , one can easily see that one has the non divergence part reads
which cannot be written as a pure divergence.
V. GAUGE INVARIANCE ISSUE
The first order linearized cosmological Einstein tensor is gauge invariant for Einstein metrics under small gauge transformations, but the second order cosmological Einstein tensor is not. Therefore, it pays to lay out some of the details of these and the gauge transformation properties of the tensors and currents we have constructed. Under a gauge transformation generated by a vector field X, the first order metric perturbation changes as
As noted above, it is easy to see that (G µν ) (1) is gauge invariant once the background space is an Einstein space. But (G µν ) (2) is not gauge invariant, in fact a pure divergence part is generated. Let us show this in a systematic way following [10] . Let λ ǫ R and ϕ be a one parameter family of diffeomorphisms acting on the spacetime manifold ϕ : R × M → M , then diffeomorphism invariance of a tensor field T means
where ϕ * is the pullback map. Let us denote the diffeomorphism by ϕ λ and assuming ϕ 0 to be the identity map. Differentiating (49) with respect to λ yields
Using the chain rule one has
where D denotes the Fréchet derivative and L X denotes the Lie derivative along the vector field X. In local coordinates for a rank (0, 2) tensor field-which is relevant for field equationthe last expression yields
Specifically for the cosmological Einstein tensor T µν = G µν , we have
which is a statement of the gauge invariance of the first order linearized cosmological Einstein tensor. For the second order tensors, we can take another derivative of (51) to get
which yields in local coordinates
When T µν = G µν , we obtain
The right-hand side is zero for linearized solutions; and one obtains
The right-hand side of this expression is not zero but it can be written as a pure divergence term proving our earlier claim. We give a more direct, albeit highly cumbersome derivation of this expression in Appendix B using the explicit form of (G µν ) (2) . Let us now study the gauge transformation of (27) and see explicitly that the right-hand side is a pure boundary. The first order linearized (P tensor reads
which is gauge invariant under the small coordinate transformations for (anti) de Sitter backgrounds as it can be seen from (51). Defining c = (n−1)(n−2) 4Λ(n−3) , we have
(59) Since the first two terms are already boundary terms, let us consider the last part:
where we used (79) of Appendix B. One can rewrite this as
By using∇ νF ρσ =R γν ρσξγ , one has
Therefore the Taub current is not gauge invariant as expected, under gauge transformations a boundary part which is composed of the first part of (59) and (62) whose divergence vanishes, is generated.
VI. CONCLUSIONS
In a nonlinear theory, validity of perturbation theory about an exact solution is a subtle issue. In General Relativity, if the background metricḡ, about which perturbation theory is performed, has Killing symmetries, there are constraints to the first order perturbation theory coming from the second order perturbation theory. We have explicitly studied the constraints and have shown that the Taub charge, which is an integral constraint on the first order perturbation, does not vanish automatically. We have identified the bulk and boundary terms in the conserved current √ −ḡξ µ (G µν ) (2) · (h, h). This issue is quite important when one looks for the perturbative solutions in spacetimes with closed hypersurfaces and it is also relevant for semi-classical quantization of gravity in such backgrounds.
From another vantage point, one can understand these results as follows: the solution space of Einstein equations generically form a manifold except at solutionsḡ that have Killing fields. Around such a metricḡ, the linearized field equations which yield the tangent space of the solution space give a larger dimensional space. Therefore the linearized solutions yield some nonintegrable deformations. One pays this at the second order where there is a constraint on the first order solutions.
VII. APPENDIX A: SECOND ORDER PERTURBATION THEORY
Let us summarize some results about the second order perturbation theory (see also [19] ). Assumingḡ µν to be a generic background metric, by definition one has
with an inverse
Let T be a generic tensor depending on the metric, then it can be expanded as
The Christoffel connection reads
where the first order term is
and the second order expansion is
Since it is a background tensor, we can raise and lower its indices withḡ µν . Our definition is (Γ µνδ ) (1) :=ḡ γδ (Γ γ µν ) (1) .
The first order linearized Riemann tensor is
and the second order linearized Riemann tensor is
The first order linearized Ricci tensor is
and the second order linearized Ricci tensor is
The linearized scalar curvature is
and the second order linearized scalar curvature is
The cosmological Einstein tensor
at second order reads
We have already given the first order form of the cosmological Einstein tensor in section II.
VIII. APPENDIX B: GAUGE TRANSFORMATIONS
Lie and covariant derivatives do not commute; but, sometimes we need to change the order of the these two differentiations. First we provide some identities which can be easily proven from the definitions. Under a gauge transformation,
We used this form in the text. For a generic rank (m, n) tensor field, one can prove the following expression:
The second order Ricci tensor (73) transforms as
Using δ X h ρβ = −L Xḡ ρβ , one has
Then
After using the identity (80), one gets
which simplifies to
where the last four terms yield the Ricci tensor evaluated at the Lie derivative of the linear metric perturbation. Finally we can write
For the gauge transformation of the second order linearized scalar curvature we need to compute
After a straightforward calculation, the result turns out to be δ X (R) (2) = L X (R) (1) 
We can collect these pieces to write the gauge transformation of the second order cosmological Einstein tensor in a generic background as δ X (G µν ) (2) = δ X (R µν ) (2) − 1 2ḡ µν δ X (R) (2) − 1 2 (R) (1) δ X h µν − 1 2 h µν δ X (R) (1) .
Using the above results, the last expression becomes δ X (G µν ) (2) + (G µν ) (1) · L X h = L X (G µν ) (1) .
This result has been general and we have not used any field equations or their linearizations. When h is solution to the first order linearized cosmological Einstein tensor, the right hand side of the last expression vanishes, and we have
which shows the gauge non-invariance of the second order cosmological Einstein tensor. Now let us consider the contraction of the result with a background Killing vector field
sinceξ ν (G µν ) (1) can be expressed as a boundary term,ξ ν (G µν ) (1) · L X h can also be expressed as a boundary term. Recall that we havē
where F νµ is antisymmetric in its indices. By expressing F νµ and using L X h instead of h, we can obtain the boundary of the left-hand side. Since we havē
with the superpotential given as
andh µν := h µν − 1 2ḡ µν h, we can writē
where K µανβ evaluated at L X h is
which altogether shows that under gauge transformations the Taub charge produces a boundary term.
